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We consider a nonlinear degenerate parabolic equation and show existence of the
maximal compact attractor in weighted spaces L1(RN, \(x) dx) with weight
\ # L1(RN) going to zero at infinity.  1996 Academic Press, Inc.
1. INTRODUCTION
In this paper we employ certain methods of nonlinear dynamics to study
the global solution structure of the scalar nonlinear parabolic equation
ut&2,(u)+f (u)=g(x), (1.1)
where
u=u(x, t), x # RN, t0, (1.2)
u( } , 0)=u0 . (1.3)
Equations of this type arise in the modelling of physical processes as well
as in evolution problems of biological populations. In particular, they
describe the process of thermal propagation accompanied by either source
or absorption in the case, where the thermal conductivity depends on the
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temperature u and the absorption or source depends on u and on the space
variable (see [Ka] and the references therein). They also model the evolu-
tion of a biological population whose density is u: the nonlinear diffusion
term 2,(u) then describes a diffusion that avoid crowding, and
&f (u)+g(x) is the reaction of the environment [GM].
In this paper, we study the existence of the global compact attractor. In
the case of a bounded domain, the compactness of the attractor follows
from RellichKondrachov theorem, and the existence of the global attrac-
tor has been investigated in [EMR, Sm]. It turns out that the classical
framework of Sobolev spaces is no longer convenient to describe the long-
time behavior of solutions when dealing with problems in unbounded
domains. Indeed, when ,(r)#r, classical examples of solutions u to (1.1)
with compactly supported initial data such that |u(t)|L2   as t   may
be found in [FM, Theorem 3.2]. In the case of a linear diffusion term
,(u)=u, the problem on RN was investigated by Babin and Vishik [BV2].
They introduced some Hilbert weighted spaces L2(RN, \(x) dx) and proved
the existence of the global compact attractor in these spaces for certain \.
This result was then extended to a larger class of weights in [FLST]. The
idea of using weights to prove existence of the maximal compact attractor
in unbounded domains is also used in [Ab] for nondegenerate parabolic
problems. Let us finally mention that related results for degenerate
parabolic problems in RN may be found in [Fe].
We now state our assumptions on the data. As for the function ,, we
assume the degenerate ellipticity hypothesis
, # C1(R), ,(0)=0, , strictly increasing on R, (1.4)
while the nonlinear response function f will satisfy
f # C1(R), f (0)=0, (1.5)
sgn(r) f (r)c1 |r|&c2 , c1>0, c2>0 for all r # R. (1.6)
Finally, the growth of , for large values of r # R will be dominated by
that of f in the sense that there is a couple of positive constants c3 , c4 such
that
0,$(r)c3+c4 f $(r) for all r # R. (1.7)
In particular, we deduce from (1.7) that
f $&
c3
c4
=&c5 on R. (1.8)
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We now introduce the weighted space
X={v measurable, |v|X#|RN |v(x)| \(x) dx<= , (1.9)
where \ # L1(RN), \>0, and there exists C\ such that
|{\|, |2\|C\\ on RN. (1.10)
For any $ # (0, 1), we put
\$(x)=\($xC\).
It then holds
|{\$ |, |2\$ |$\$ on RN. (1.11)
In the sequel, since X does not depend on $, we will assume that \#\$ for
some fixed $ # (0, 1) sufficiently small to be chosen later.
An example of \ is
\(x)=(1+$2 |x| 2)&:, with 2:>N.
In what follows, we shall assume
u0 # X, g # X.
Observe that for g # X we have
|
|x|;
\ | g| dx+|
| g(x)|;
\ | g| dxh(;, $)  0 as ;  . (1.12)
We show in Section 2 that, under assumptions (1.4), (1.5), and (1.7), the
problem (1.1)(1.3) is well posed in X. We report the following result (see
Proposition 2.1 below for a more precise statement).
Proposition 1.1. For any g # X, we may associate to (1.1) a nonlinear
Lipschitz continuous semigroup (St)t0 in X such that, when g # D(RN) and
u0 # D(RN), t [ St u0 is the weak solution to (1.1) in the sense of Proposi-
tion 2.1. In addition, for each t0, the Lipschitz constant for St depends only
on c3 , c4 in (1.7), \ and t.
Let us mention that, on the one hand, when (1.1) is reduced to
ut=2( |u|m&1 u), there exists an explicit solution to (1.1) with initial condi-
tion u0(x)=(a+b |x| 2)1m&1 that blows up in finite time at any x [BCP].
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On the other hand, it is proved in [VW] that, for any initial data
u0 # L1loc(R
N), problem (1.1) with ,(r)=rm, f (r)=r p, and p>m has a
global solution.
The main result of this paper may be stated as follows.
Theorem 1.2. Under the hypotheses (1.4)(1.7), (1.10), and for any
g # X, the semigroup (St) has a global attractor A in X, i.e.,
A is compact in X, (1.13)
St(A)=A for all t, (1.14)
and for any bounded subset B of X, we have
dist(St(B), A)# sup
y # St(B)
inf
a # A
| y&a|X  0 as t  . (1.15)
Section 3 of this paper will be devoted to the proof of Theorem 1.2. Our
approach is based on the splitting technique (see Section 3.2) used quite
often when dealing with problems of hyperbolic type where the solution is
written as a sum u=v+w with the former component asymptotically small
(Section 3.3) and the latter compact (see Section 3.4). Such a result would
yield the existence of a compact attractor (Section 3.5) provided we already
know that all solutions enter a fixed bounded absorbing set after a finite
(but possibly large) time (see Section 3.1).
2. EXISTENCE OF THE SEMIGROUP
In this section, we construct a dynamical system in X associated to (1.1).
Proposition 2.1. We consider (u0 , g) # D(RN, R2), and T>0. Under
assumptions (1.4), (1.5), and (1.7), there exists a unique function u,
u # W 1, 2(0, T, H &1(RN)) & C([0, T], X ) & L(0, T, L1(RN) & L(RN)),
,(u) # W 1, 2(0, T, L2(RN)) & L(0, T, H 1(RN)), u(0)=u0 ,
that satisfies
|
T
0
(ut , ’) H &1, H 1 ds+|
T
0
|
RN
{,(u) } {’ dx ds
=|
T
0
|
RN
(g& f (u)) ’ dx ds (2.1)
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for any ’ # L2(0, T, H 1(RN)), where ( } , } ) H &1, H 1 denotes the duality pairing
between H &1(RN) and H 1(RN). We denote by 7, the mapping (u0 , g) [ u,
which maps D(RN, R2) into C([0, T], X ).
Moreover, for each T>0, there exists a positive constant L(T) depending
only on c3 , c4 in (1.7) and on $ in (1.11) such that for any (u0 , g) and (u^0 , g^)
in D(RN, R2), it holds that
|u(t)&u^(t)|XL(T )( |u0&u^0 |X+| g&g^|X), t # [0, T ], (2.2)
where u=7(u0 , g) and u^=7(u^0 , g^). If, in addition, both , and g are
C-smooth functions and
,$m>0
for some positive constant m, then u=7(u0 , g) is a C-smooth strong
solution to (1.1); i.e.,
u # W 1, 2(0, T, L2(RN)) & L(0, T, H 1(RN)) & L2(0, T, H 2(RN)).
Proof of Proposition 2.1 (Uniqueness). The idea of the proof is
borrowed from [EMR, Theorem 1]. Let u and u^ be two solutions of (2.1)
given by Proposition 2.1. We put
F=g& f (u), F =g& f (u^),
which both belong to L(0, T, L1(RN) & L(RN)).
It follows from Lemma A.1 that u (respectively u^) is the unique solution
to
vt&2,(v)=F (resp. F ) in RN_(0, T ),
v(0)=u0 (resp. u^0) in RN,
in the sense of Lemma A.1.
We then infer from Lemma A.2 that, for t # [0, T ],
|u(t)&u^(t)|X|
t
0
|
RN
(Ku, u^ |u&u^|+sgn(u&u^)(F&F )) \(x) dx ds.
But, thanks to (1.8), we have
( f (u)& f (u^)) sgn(u&u^) &c5 |u&u^|.
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Thus,
|u(t)&u^(t)|X|
t
0
(c5+Ku, u^) |u(s)&u^(x)|X ds.
Uniqueness then follows from Gronwall lemma. K
Proof of Proposition 2.1 (Existence). By standard approximation
techniques, we have the following result.
Lemma 2.2. There exist positive constants c$3 , c$4 depending only on c3 ,
c4 , and functions (,R , fR)R1 in C(R, R2) satisfying ,R(0)=0, fR(0)=0,
and
0,$R(r)c$3+c$4 f $R(r), r # R, (2.3)
0<}R,$R(r), | f $R(r)|KR , r # R, (2.4)
for some positive constants (}R , KR) depending on R, and
(,r) converges to , and ( fR) converges to f in C1(R). (2.5)
Note that (2.3) yields
f $R&c$5 , where c$5=c$3 c$4>0. (2.6)
In the following, we denote by BR the open ball of RN with center 0 and
radius R. We now fix R01 such that
Supp(u0) _ Supp(g)/BR0 .
For each RR0 , there exists a unique C-smooth classical solution uR to
the problem:
uRt &2,R(u
R)+ fR(uR)=g in BR_(0, T ),
uR=0 on BR_(0, T ), (2.7)
uR(0)=u0 in BR
(see, e.g., [LSU]).
Let T>0. In the following, we denote by C0 any positive constant
depending only on c3 , c4 in (1.7) and on $ in (1.11), and by C any positive
constant depending on T, c$3 , c$4 , \, $, ,, f, |u0 | L1(RN) , |u0 | L(RN) ,
|,(u0)|H 1(RN) , | g|L1( RN) and | g| L(RN) .
We first derive a L-estimate for uR.
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Lemma 2.3. For any RR0 , it holds:
|uR| L(BR_(0, T ))\ |u0 | L( RN)+ 1c$5 | g| L(RN) + ec$5T. (2.8)
Proof of Lemma 2.3. The proof relies on the maximum principle. We
choose a nonnegative function u 0 in D(BR0) such that
u0u 0|u0 |L(RN) ,
and denote by u R the solution to
u Rt &2,R(u
R)+fR(u R)=| g| L(RN) in BR _(0, T ),
u R=0 on BR_(0, T ),
u R(0)=u 0 on BR .
We infer from the maximum principle that
(uR)+u R in BR_(0, T ), (2.9)
where v+ denotes the positive part of v.
We next introduce the operator L defined by
Lv=vt&2,R(v)&c$5 v&| g|L(RN)
and put
s(t)=\ |u0 |L(RN)+ 1c$5 | g|L(RN)+ ec$5 t&
1
c$5
| g| L(RN) , t0.
Since u R is nonnegative, it follows from (2.6) that
Lu R0=Ls in BR _(0, T ),
u R=0s on BR _(0, T ),
u R(0)|u0 | L(RN)=s(0) in BR .
Using once more the maximum principle and (2.9), we obtain
(uR)+s in BR_(0, T ).
Similarly, one can prove that the negative part of u is bounded from below
by (&s), hence (2.8). K
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We next derive the classical energy estimates.
Lemma 2.4. There exists a constant C such that, for any RR0 ,
|uR|L(0, T, L1(BR))C, (2.10)
|,R(uR)|L(0, T, H1(BR))+|(,R(u
R))t |L2(BR_(0, T ))C. (2.11)
Proof of Lemma 2.4. We multiply (2.7) by sgn(uR) and integrate over
BR ; using (2.6), we find
d
dt |BR |u
R| dxc$5 |
BR
|uR| dx+|
RN
| g| dx,
hence (2.10).
Now, since f $R and ,$R are uniformly bounded on any compact subset
of R, and uR are uniformly bounded in L(0, T, L1(BR) & L(BR)), we
obtain
| fR(uR)| L(0, T, L2(BR))+|,$R(u
R)|L(BR_(0, T ))C. (2.12)
We next take the scalar product in L2(BR) of (2.7) with (,R(uR))t ; this
gives
|
BR
(,R(uR))t uRt dx+
d
dt |BR \
1
2
|{,R(uR)| 2+GR(x, uR)+ dx=0, (2.13)
where GR(x, r)=r0 ( fR(_)&g(x)) ,$R(_) d_.
It follows from (2.5), (2.8), (2.10), and (2.12) that
|
BR
|(,R(uR))t | 2C |
BR
(,R(uR))t uRt dx,
} |BR GR(x, uR) dx } supx, r # [&C, C] |( fR(r)& g(x)) ,$R(r)| |BR |uR| dxC.
The above estimates and (2.13) yield (2.11) after integration over (0, t),
t # (0, T ). K
We then extend uR to RN by
u~ R(x, t)={u
R(x, t)
0
if |x|R,
otherwise.
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Since ,R(0)= fR(0)=0, we infer from (2.8), (2.10), and (2.11) that
|u~ R|L(0, T, L1( RN) & L(RN))+| fR(u~ R)|L(0, T, L2( RN))
+|,R(u~ R)|L(0, T, H1(RN))+|(,R(u~ R))t |L2(RN_(0, T ))C. (2.14)
It follows from (2.14) and the boundedness of \ that (,R(u~ R)) is bounded
in L(0, T, H 1\(R
N) & L2(RN)), where
L2\(R
N)=L2(RN, \(x) dx)={v measurable, |RN \(x) |v(x)| 2 dx<+= ,
H 1\(R
N)=[v # L2\(R
N), {v # L2\(R
N)N],
while ((,R(u~ R))t) is bounded in L2(0, T, L2\(R
N)). Since H 1\(R
N) & L2(RN)
is compactly embedded in L2\(R
N) (see, e.g., [BV2, Lemma 2.16]), it
follows from [Si, Corollary 4] that
(,R(u~ R)) is relatively compact in C([0, T ], L2\(R
N)). (2.15)
We infer from (2.14)(2.15) that there exist functions
u # L(0, T, L2(RN) & L(RN)),
 # W 1, 2(0, T, L2(RN)) & C([0, T ], L2\(R
N)) & L(0, T, H 1(RN)),
! # L(0, T, L2(RN)),
and a subsequence of (u~ R) (which we still denote by (u~ R)) such that
u~ R ( u in L(0, T, L2(RN) & L(RN)),
,R(u~ R)   in C([0, T ], L2\(R
N)), (2.16)
fR(u~ R) ( ! in L(0, T, L2(RN)).
We notice that
|
RN
|,(u~ R)&| 2 \(x) dx
2 |
RN
|,(u~ R)&,R(u~ R)| 2 \(x) dx+2 |
RN
|,R(u~ R)&| 2 \(x) dx
2 |\|L1( RN) |,&,R | 2L(&C, C)+2 |
RN
|,R(u~ R)&| 2 \(x) dx.
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The above inequality, (2.5), and (2.16) yield that
,(u~ R)   in C([0, T ], L2\(R
N)).
Therefore, we may also assume that (,(u~ R)) converges to  almost
everywhere in RN_(0, T ). Since ,&1 is continuous, (u~ R) converges to
,&1() almost everywhere in RN_(0, T ), which yields, together with
(2.16), that =,(u). In a similar way, we prove that != f (u).
Also, since (u~ R) converges to u almost everywhere in RN_(0, T )
and is bounded, it follows from the Fatou lemma and (2.14) that
u # L(0, T, L1(RN)) and that we have
u~ r  u in L1(0, T, X ),
(2.17)
u~ R(t)  u(t) in X for almost every t # (0, T ).
We may then pass to the limit in (2.7) and find that
ut&2,(u)+ f (u)=g in D$(RN_(0, T )).
The regularity of ,(u), f (u), and g then ensures that u belongs to
W 1, 2(0, T, H&1(RN)), hence (2.1).
We now check that u # C([0, T ], X ). Indeed, let t # [0, T ] and (tn)
be a sequence in [0, T ] that converges to t. Since ,(u) belongs to
C([0, T ], X ), there is a subsequence of (,(u(tn))) (which we still denote by
(,(u(tn)))) which converges to ,(u(t)) almost everywhere in RN. Since ,&1
is continuous, (u(tn)) converges to u(t) almost everywhere in RN and
|u(tn)||u| L(RN_(0, T )) .
Since \ # L1(RN), the Lebesgue dominated convergence yields that (u(tn))
converges to u(t) in X; since this is the case for any subsequence, we get
that u # C([0, T ], X ).
It remains to check (2.2). We consider (u0 , g), (u^0 , g^) in D(RN, R2) and
put
u=7(u0 , g), u^=7(u^0 , g^).
We denote by uR (respectively u^R) the approximation of u (resp. u^) given
by (2.7). We have
(uR&u^R)t&2(,R(uR)&,R(u^R))+fR(uR)& fR(u^R)=g&g^. (2.18)
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We multiply (2.18) by (\(x) sgn(uR&u^R)), integrate over BR , and find
d
dt |BR |u
R&u^R| \(x) dx+|
BR
( fR(uR)& fR(u^R)) sgn(uR&u^R) \(x) dx
|
BR
| g& g^| \(x) dx&|
BR
{\(x) } { |,R(uR)&,R(u^R)| dx
| g& g^|X+|
BR
2\(x) |,R(uR)&,R(u^R)| dx.
Using (1.11) and (2.3), we obtain
d
dt |BR |u
R&u^R| \(x) dx+|
BR
( fR(uR)& fR(u^R)) sgn(uR&u^R) \(x) dx
$c$3 |
BR
|uR&u^R| \(x) dx+| g&g^|X
+$c$4 |
BR
( fR(uR)& fR(u^R)) sgn(uR&u^R) \(x) dx
d
dt |BR |u
R&u^R| \(x) dx+(1&$c$4) |
BR
( fR(uR)& fR(u^R))
_sgn(uR&u^R) \(x) dx
C0 |
BR
|uR&u^R| \(x) dx+| g& g^| X .
It then follows from (2.6) that
|
RN
|u~ R(t)&u^ R(t)| \(x) dxC0 |
t
0
|
RN
|u~ R&u^ R| \(x) dx
+T | g&g^|X+|u0&u^0 |X . (2.19)
Since u and u^ both belong to C([0, T ], X ), (2.2) follows from (2.19), the
Gronwall lemma, and (2.17). K
Proof of Proposition 1.1. Let T>0. It follows from Proposition 2.1 that
7 is a Lipschitz continuous mapping from D(RN, R2) endowed with the
norm of X2 into C([0, T ], X ). Since D(RN, R2) is a dense subset of X 2,
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there exists a unique Lipschitz continuous mapping 7 from X2 into
C([0, T ], X ) such that
7 (u0 , g)=7(u0 , g) \(u0 , g) # D(RN, R2).
Now, we fix g # X, and for t0 we define the mapping
St : X  X
u0  7 (u0 , g)(t).
Then, (St)t0 is a dynamical system on X, and it follows from (2.2) that
for each u0 , u^0 in X it holds:
|St u0&Stu^0 |XL(T ) |u0&u^0 | X . K
3 PROOF OF THEOREM 1.2
In this section, (,, f ) are functions fulfilling assumptions (1.4)(1.7), and
g is a fixed function in X. By standard approximation techniques, we con-
struct a family of functions (,+ , f+ , g+)0<+<1 and g # X satisfying
g+ # D(RN), (g+)  g in X, | g+ |+| g| g ,
,+ # C(R), ,+(0)=0, ,$++,
,$+(r),$(r) for all r # [&+&1, +&1]
f+ # C(R), f+(0)=0,
(,+) converges to ,, ( f+) converges to f in C1(R),
and there exist positive constants (ki)1i4 depending only on (ci)1i4
and f such that
f+(r) sgn(r)k1 |r|&k2 , r # R, (3.1)
0<,$+(r)k3+k4 f $+(r), r # R. (3.2)
For each + # (0, 1), we denote by (S +t ) the dynamical system in X
associated by Proposition 1.1 to the problem
vt&2,+(v)+ f+(v)=g+(x). (3.3)
A by-product of the analysis of Section 2 is the following result.
Proposition 3.1. For any u0 in X and T0, the sequence (S +t u0)
converges to St u0 in C([0, T ], X ) as +  0.
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In the following, (ki) i5 and C denotes positive constant that depend on
(ci)1i4 , $, \, f, ,, and g (but not on + # (0, 1)).
3.1. The Absorbing Set in X
Proposition 3.2. There exists a bounded subset B0 of X, depending only
on the structural constants (ci)1i4 , $, f, ,, and on g such that for any
bounded subset B of X there is a time t(B) such that
St(B)/B0 for all tt(B), (3.4)
St(B0)/B0 for all t0. (3.5)
Proof. Assume first that u0 # D(RN) and consider + # (0, 1). Con-
sequently, by Proposition 2.1, we are allowed to multiply (3.3) by the
expression \ sgn(,+(u))=\ sgn(u), where u(t)=S +t u0 . We find
d
dt |RN \ |u| dx+|RN \f+(u) sgn(u) dx
| g^|X+|
RN
\ 2,+(u) sgn(,+(u)) dx. (3.6)
Approximating sgn by a sequence of smooth functions we check easily that
|
RN
\ 2,+(u) sgn(,+(u)) dx&|
RN
{\ } {,+(u) sgn(,+(u)) dx
=|
RN
2\ |,+(u)| dx
$ |
RN
\ |,+(u)| dx. (3.7)
On the other hand, (3.2) yields
|,+(u)|sgn(u) |
u
0
,$(z) dzk3 |u|+k4 f+(u) sgn(u). (3.8)
Combining (3.6)(3.8) with (3.1) we get
d
dt |RN \ |u| dx+(k1(1&$k4)&$k3) |RN \ |u| dx
| g^|X+(1&$k4) k2 |
RN
\ dx, (3.9)
provided $>0 is so small that k1&2$k3>0 and 1&2$k4>0.
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Consequently, any ball in X centered at the origin and with radius
R
| g |X+(1&$k4) k2 RN \ dx+1
(k1(1&$k4)&$k3)
may be taken as the absorbing set B0 /X. Indeed, it follows from (3.9)
that, for any bounded subset B of X, there is a time t(B) which does not
depend on + # (0, 1) such that
S +t (B & D(R
N))/B0 for all tt(B), + # (0, 1).
Passing to the limit as +  0, Proposition 3.1 yields
St(B & D(RN))/B0 for all tt(B).
Finally, approximating the initial data by regular ones we observe that by
virtue of Proposition 1.1 the conclusion of Proposition 2.1 holds true. K
In addition, it follows from (3.9) that, for any t0 and + # (0, 1),
|S +t u0 |xk5 for all u0 # B0 & D(R
N).
3.2. The Splitting
We write f+= f+, 1+ f+, 2 , where
| f+, 2(r)|k6 for all r # R, (3.10)
f+, 1(r) sgn(r)
k1
2
|r| for all r # R, (3.11)
f $+, 1(r) f $+(r)&k7 for all r # R. (3.12)
Observe that, by virtue of (3.1), the relation (3.12) yields
0,$+(r)k8+k4 f $+, 1(r) for all r # R, k8=k3+k4k7 . (3.13)
Assume that u0 # D(RN). Consequently, for each + # (0, 1), t [ S +t u0 is
the unique C-smooth strong solution to (3.3) with initial data u0 , and we
may define w as the unique solution of the problem,
wt&2,+(w)+$k4 f+, 1(w)+(1&$k4)( f+, 1(u)& f+, 1(u&w))
=&/;( |x| ) f+, 2(u)+/;( |x| ) /;(g(x)) g(x), (3.14)
w(0)=0, (3.15)
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where /; is a smooth function with values in [0,1] and such that
/;(r)#1
/;(r)#0
for |r|;,
for |r|;+1.
(3.16)
Since , and u are smooth functions, the solution w may be obtained, e.g.,
by the method of Section 2.
Thus the difference v=u&w will satisfy
vt&2(,+(v+w)&,+(w))+$k4( f+, 1(v+w)& f+, 1(w))+(1&$k4) f+, 1(v)
=&(1&/;( |x| )) f+, 2(u)+[1&/;( |x| ) /;(g(x))] g(x), (3.17)
v(0)=u0 . (3.18)
Note that both v and w depend on + and ;.
3.3. Uniform Decay of the Component v
We assume further that
u0 # B0 . (3.19)
Multiplying (3.17) by \ sgn(,+(v+w)&,+(w))=\ sgn(v) and using
(3.10)(3.11), we obtain
d
dt |RN \ |v| dx&|RN 2\(,+(v+w)&,+(w)) dx+(1&$k4)
k1
2 |RN \ |v| dx
+$k4 |
RN
\ sgn(v)( f+, 1(v+w)& f+, 1(w)) dx
|
|x|;
\(k6+g^) dx+|
| g (x)|;
\g dx. (3.20)
Similarly as in Section 3.1, we treat the most difficult term in (3.20) as
|
RN
|2\| |(,+(v+w)&,+(w))| dx
=|
RN
|2\| sgn(v) |
w+v
w
,$+(s) ds dx
|
RN
|2\| [k8( |v|+k4 sgn(v)( f+, 1(v+w)& f+, 1(w))] dx
$k7 |
RN
\ |v| dx+$k4 |
RN
\ sgn(v)(v+, 1(v+w)& f+, 1(w)) dx (3.21)
by virtue of (3.13).
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Thus we deduce from (3.20)(3.21) the final estimate,
d
dt |RN \ |v| dx+\
(1&$k4) k1
2
&$k8+ |RN \ |v| dx
|
|x|;
\(k6+ g ) dx+|
| g (x)|;
\g dx. (3.22)
Since g satisfies (1.12) and \ # L1(RN), the relation (3.22) yields the follow-
ing result.
Lemma 3.3. Given =>0, there are ;=>0 and a time T= , depending only
on =, $, the function h in (1.12), and the structural constants c1 , ..., c4 such
that, for each + # (0, 1) and any u0 # D(RN) & B0 , it holds that
|v(t)|X= for all tT= (3.23)
for any v satisfying (3.17)(3.18).
3.4. Estimates for the Component w
We multiply (3.14) by w to get
1
2
d
dt |RN w
2 dx+|
RN
,$+(w) |{w| 2 dx+$k4 |
RN
f+, 1(w) w dx
+(1&$k4) |RN ( f+, 1(u)& f+, 1(u&w)) w dx
|
|x|;+1
(k6+;+1) |w| dx. (3.24)
By virtue of (3.2) and (3.12), we have
|
RN
( f+, 1(u)& f+, 1(u&w)) w dx&C |
RN
w2 dx. (3.25)
Moreover, we have
} ||x|;+1 (k6+;+1) |w| dx }const(;)+|RN w2 dx. (3.26)
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Combining (3.24)(3.26), together with the Gronwall lemma, we obtain
|
RN
w2(t) dxl1(T, ;) for all t # [0, T ], (3.27)
|
T
0
|
RN
,$+(w) |{w| 2 dxl2(T, ;), (3.28)
where (li (T, ;)) i1 are positive constants that depend on (ci)1i4 , $, \,
f, ,, g, T, and ; (but not on + # (0, 1)).
Moreover, for w(x) positive, we have the estimate
&$k4 f+, 1(w)&(1&$k4)( f+, 1(u)& f+, 1(u&w))&/; f+, 2(u)+;
Cw+;. (3.29)
Using the comparison theorem, we get the upper bound for w by solving
the ordinary differential equation
w t=Cw +;, (3.30)
since w is a supersolution to our problem.
Analogously, we may construct a subsolution for negative values of w.
Thus, finally
|w(t)|L(RN)l3(T, ;) for all t # [0, T ]. (3.31)
3.5. Asymptotic Compactness of Trajectories
From (3.27), (3.28), (3.31), and the mean value theorem we conclude: for
any fixed solution w of (3.14)(3.15), there exists ! # [T&1, T ] such that
|w(!)| L(RN)+|
RN
w2(!) dxl1(T, ;)+l3(T, ;)=l4(T, ;), (3.32)
|
RN
,$+(w) |{w| 2 (!) dxl2(T, ;). (3.33)
Lemma 3.4. For any R>0, the set
K(R)={z # X, |z| L(RN)+|z| L2(RN)+|RN ,$(z) |{z| 2 dxR= (3.34)
is relatively compact in X.
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Proof. We have
|
|x|A
\ |z| dx|
|x|A, |z|M
\
z2
|z|
dx+|
|x|1, |z|M
\M

R
M
+M |
|x|A
\ dx. (3.35)
Thus, for suitable constants A and M, the right-hand side of (3.35) may be
made arbitrarily small. Consequently, it suffices to prove that
K(R) is relatively compact in L1loc(R
N).
To this end, we estimate
|
RN
|{,(z)| 2 dx|
RN
(,$(z))2 |{z| 2 dx
const |
RN
,$(z) |{z| 2 dx. (3.36)
This yields boundedness of [,(z)] in H 1loc(R
N) and, since , is increasing,
compactness of [z] in L1loc(R
N) (see also [DV]). K
Now, given =>0, we put K= K(l2(T= , ;=)+l4(T= , ;=)), where K( } ) is
given by (3.34), and T= and ;= are defined in Lemma 3.3. Since ,$+,$ on
[&+&1, +&1], Lemma 3.4 along with the estimates (3.32)(3.33) yields the
following conclusion:
For any wa solution of (3.14)(3.15), there exists ! # [T=&1, T=] such
that
w(!) # K= for all 0+l4(T= , ;=)&1#+= . (3.37)
Combining (3.37) with Lemma 3.3 gives
dist(S +! u0 , K=)=, ! # [T=&1, T=], + # (0, +=]. (3.38)
We set
K= .
t # [0, 1], + # [0, +=]
S +t (K=). (3.39)
We infer from (3.38) that, for + # (0, +=], there exists y # K= such that
|S +! u0&y| X2=;
256 FEIREISL, LAURENC OT, AND SIMONDON
File: 505J 313019 . By:BV . Date:27:08:96 . Time:15:25 LOP8M. V8.0. Page 01:01
Codes: 2629 Signs: 1412 . Length: 45 pic 0 pts, 190 mm
hence
|S +T= u0&S
+
T=&!y|X=|S
+
T=&!S
+
! u0&S
+
T=&!y|X
L(1) |S +! u0&y|X2L(1) =
and L(1) is independent of + # (0, 1) by Proposition 1.1. Therefore,
dist(S +T= u0 , K=)2L(1) =, + # (0, +=]. (3.40)
We finally need the following lemma.
Lemma 3.5. The set K= , given by (3.39), is relatively compact in X.
Taking Lemma 3.5 for granted, we see that (3.40) implies that S +T=(B0)
has a finite covering by balls of X of radius (C=) which is independent of
the parameter + # (0, +=]. By Proposition 3.1, the same holds for ST=(B0)
with the same covering.
Consequently, the attractor A defined by the formula
A= ,
t0
clX St(B0) (3.41)
is compact in X and the remaining part of the proof of Theorem 1.2 is
standard (see, e.g., [BV1; Ha; Te]).
We are left to prove Lemma 3.5.
Proof of Lemma 3.5. K= t # [0, 1], + # [0, +=] S
+
t (K=)=range(Z | K=_[0, 1]_
[0, +=]), where Z( y, t, +)=S +t ( y). Since the product K=_[0, 1]_[0, +=] is
compact, it suffices to prove that Z is continuous.
Let tn  t, yn  y, +n  +. We have
|Z( yn , tn , +n)&Z( y, t)| X=|S +ntn yn&S
+
t y|X
|S +ntn yn&S
+n
tn y| X+|S
+n
tn y&S
+
t y|X
L(1) | yn&y|X+|S +ntn ( y)&S
+
tn( y)|X
+|S +tn y&S
+
t y|X ,
where the first term on the right-hand side is small as yn  y and the
Lipschitz constants are independent of +n and bounded on compact time
intervals, the second goes to zero because of the approximation formula
which is uniform on compact time intervals (Proposition 3.1), and the third
is small due to the continuity of S +t in X at y. K
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APPENDIX A
In this section, we study (1.1) in the case f#0.
Lemma A.1. Let , be a real-valued function satisfying (1.4), T>0,
v0 # D(RN), and h # L(0, T, L1(RN) & L(RN)). There exists a unique
function v satisfying v(0)=v0 ,
v # W1, 2(0, T, H &1(RN)) & C([0, T], X) & L(0, T, L1(RN) & L(RN)),
,(v) # L2(0, T, H 1(RN)),
and such that for any ’ L2(0, T, H 1(RN)), it holds:
|
T
0
(vt , ’) H &1, H 1 ds+|
T
0
|
RN
{,(v) } {’ dx ds=|
T
0
|
RN
h’ dx ds. (A.1)
Proof of Lemma A.1 (Uniqueness). We use the classical H &1 technique.
Let (v, v^) be two solutions of (A.1), given by Lemma A.1. For s # (0, T), we
put
!s(t)=|
s
t
(,(v(_))&,(v^(_))) d_, 0ts.
Then !s belongs to W 1, 2(0, T, H 1(RN)). We take ’=!s in (A.1) and find,
after integration by parts,
|
s
0
|
RN
(v&v^)(,(v)&,(v^)) dx dt0.
Since , is increasing, the above inequality yields v=v^. K
Proof of Lemma A.1 (Existence). By standard approximation techni-
ques, we construct sequences (,R , hR)R1 , satisfying
hR # C(RN_(0, T )), |hR |L(RN_(0, T ))|h|L(RN_(0, T )),
(A.2)
(hR) converges to h in L1(RN_(0, T )),
,R # C(R) ,R(0)=0, ,$RR&1,
(A.3)
(,R) converges to , in C1(R).
We now fix R01 such that
Supp(v0)/BR0 .
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For each RR0 , the problem
vRt &2,R(v
R)=hR in BR_(0, T),
vR=0 on BR _(0, T ), (A.4)
vR(0)=v0 in BR
has a unique C-smooth classical solution vR (see, e.g., [LSU]).
It first follows from (A.2), (A.4), and the maximum principle that
|vR|L(BR_(0, T ))|v0 | L(RN)+T |h| L(RN_(0, T )) , RR0 . (A.5)
We next proceed as in the proof of Proposition 2.1. K
Lemma A.2. Let , be a real-valued function satisfying (1.4), T>0, v0 ,
v^0 in D(RN) and h, h in L(0, T, L1(RN) & L(RN)). Then, the correspond-
ing solutions v and v^ to (A.1) given by Lemma A.1 satisfy
|v(t)&v^(t)|X|v0&v^0 | X+Kv, v^ |
t
0
|v&v^|X ds
+|
t
0
|
RN
(h&h ) sing(v&v^) \(x) dx, (A.6)
where Kv, v^ depends only on T, $ in (1.10), ,, |v0 | L(RN) , |v^0 | L(RN) , |h| L(RN) ,
and |h | L(RN) .
Proof of Lemma A.2. We consider R01 such that
Supp(v0) _ Supp(v^0)/BR0 ,
and denote by vR (resp. v^R) the solution to
zt&2,R(z)=hR (resp. h R) in BR_(0, T ),
z=0 on BR_(0, T),
z(0)=v0 (resp. v^0) in BR ,
given by Lemma A.1, where RR0 , ,R is defined in (A.3), and hR (resp.
h R) in (A.2). We have
(vR& v^R)t&2(,R(vR)&,R(v^R))=hR&h R in BR _(0, T). (A.7)
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We multiply (A.7) by \ sign(vR&v^R)=\ sign(,R(vR)&,R(v^R)) and
integrate over BR ; using (1.10) and (A.5), we obtain
d
dt |BR |v
R&v^R| \(x) dx|
BR
|,R(vR)&,R(v^R)| 2\(x) dx
+|
BR
(hR&h R) sign(vR&v^R) \(x) dx
C\ sup
[&M, M]
(,$R) |
BR
|vR& v^R| \(x) dx
+|
BR
(hR&h R) sign(vR&v^R) \(x) dx,
where
M=sup[ |v0 | L(RN)+T |h| L(RN_(0, T )) , |v^0 | L(RN)+T |h | L(RN_(0, T ))].
Using (A.3), the above estimate becomes, after time integration,
|
BR
|vR(t)& v^R(t)| \(x) dx
|
BR
|v0&v^0 | \(x) dx+Kv, v^ |
t
0
|
BR
|vR&v^R| \(x) dx
+|
t
0
|
BR
(hR&h R) sign(vR&v^R) \(x) dx.
We then pass to the limit as R  +, which yields (A.6), since v and v^
both belong to C([0, T], X). K
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